We propose a viable minimal model with spontaneous CP violation in the framework of a Two Higgs Doublet Model. The model is based on a generalised Branco-Grimus-Lavoura model with a flavoured Z 2 symmetry, under which two of the quark families are even and the third one is odd. The lagrangian respects CP invariance, but the vacuum has a CP violating phase, which is able to generate a complex CKM matrix, with the rephasing invariant strength of CP violation compatible with experiment. The question of scalar mediated flavour changing neutral couplings is carefully studied. In particular we point out a deep connection between the generation of a complex CKM matrix from a vacuum phase and the appearance of scalar FCNC. The scalar sector is presented in detail, showing that the new scalars are necessarily lighter than 1 TeV. A complete analysis of the model including the most relevant constraints is performed, showing that it is viable and that it has definite implications for the observation of New Physics signals in, for example, flavour changing Higgs decays or the discovery of the new scalars at the LHC. We give special emphasis to processes like t → hc, hu, as well as h → bs, bd, which are relevant for the LHC and the ILC.
Introduction
The first model of spontaneous T and CP violation was proposed [1] by T.D. Lee in 1973 at a time when only two incomplete quark generations were known. The main motivation for Lee's seminal work was to put the breaking of CP and T on the same footing as the breaking of gauge symmetry. In Lee's model, the Lagrangian is CP and T invariant, but the vacuum violates these discrete symmetries. This was achieved through the introduction of two Higgs doublets, with vacuum expectation values with a relative phase which violates T and CP invariance. In Lee's model, CP violation would arise solely from Higgs exchange, since at the time only two generations were known and therefore the CKM matrix was real. The general two Higgs Doublet Model (2HDM) [2, 3] has Scalar Flavour Changing Neutral Couplings (SFCNC) at tree level which need to be controlled in order to conform to the stringent experimental constraints. This can be achieved by imposing Natural Flavour Conservation (NFC) in the scalar sector, as suggested by Glashow and Weinberg (GW) [4] . Alternatively, it was suggested by Branco, Grimus and Lavoura (BGL) [5] that one may have 2HDM with tree level SFCNC but with their flavour structure only dependent on the CKM matrix V .
BGL models have been extensively analysed in the literature [6] [7] [8] [9] [10] [11] , and their phenomenological consequences have been studied, in particular in the context of LHC. Recently BGL models have been generalised [12] in the framework of 2HDM. Both the GW and the BGL schemes can be implemented through the introduction of extra symmetries in the 2HDM. On the other hand, it has been shown [13] that the introduction of these symmetries in the 2HDM prevents the generation of either spontaneous or explicit CP violation in the scalar sector, unless they are softly broken [14] . It was recently discussed [15] that for a scalar potential with an extra symmetry beyond gauge symmetry, there is an intriguing correlation between the capability of the potential to generate explicit and spontaneous CP violation.
In this paper we propose a realistic model of spontaneous CP violation in the framework of 2HDM. At this stage it is worth recalling the obstacles which have to be surmounted by any model of spontaneous CP violation:
(i) The scalar potential should be able to generate spontaneous CP breaking by a phase of the vacuum, denoted θ.
(ii) The phase θ should be able to generate a complex CKM matrix, with the strength of CP violation compatible with experiment. Recall that the CKM matrix has to be complex even in the presence of New Physics [16] .
(iii) SFCNC effects should be under control so that they do not violate experimental bounds.
The paper is organised as follows. In the next section we present the structure of the model and specify the flavoured symmetry introduced. In the third section we show how a complex CKM matrix is generated from the vacuum phase. Section 4 contains a detailed analysis of the scalar potential with real couplings. In section 5 we derive the physical Yukawa couplings and the phenomenological analysis of the model is presented in section 6. Finally we present our conclusions in the last section.
The Structure of the Model and the Flavoured symmetry
The Yukawa couplings in the 2HDM read
with summation over generation indices understood andΦ j = iσ 2 Φ * j . We consider the following Z 2 transformations to define the model:
Invariance under eq. (2) gives the following form of the Yukawa coupling matrices: 
The symmetry assignment in eq. (2) and the Yukawa matrices in eq. (3) correspond to the generalised BGL models introduced in [12] . We impose CP invariance at the Lagrangian level, so we require the Yukawa couplings to be real:
We write the scalar doublets Φ j in the "Higgs basis" {H 1 , H 2 } [17] [18] [19] (see section 4 and appendix B for further details on the scalar sector)
In this basis, only H 1 acquires a vacuum expectation value
Equation (1) can then be rewritten as
where the quark mass matrices M 
where θ = θ 2 − θ 1 is the relative phase among Φ 2 and Φ 1 . For simplicity, we remove the irrelevant global phases e ±iθ 1 setting θ 1 = 0. Notice that the matrices N 
where P 3 is the projector
3 Generation of a complex CKM matrix from the vacuum phase
In this section, we show how the vacuum phase θ is capable of generating a complex CKM matrix. As previously emphasized, this is a necessary requirement for the model to be consistent with experiment. Following eqs. (3)-(4) and (8)-(9), we write:
withM
real and symmetric, which is diagonalised with a real orthogonal transformation:
Consequently, eq. (14) gives
That is, the diagonalisation of
Similarly,
Notice the important sign difference in θ between eqs. (17) and (18), which give the
Notice also that, if e i2θ = ±1, V is real, i.e. it does not generate CP violation. This can be understood through a careful analysis of the potential, which will be presented in section 4. The model we present here has spontaneous CP violation and thus a physical phase in the CKM matrix can only arise from θ. In section 4.1 we show that for θ = π/2 the vacuum is CP invariant and no CP violation can be generated in this model. In particular CKM is necessarily real for this value of θ, as noticed in eq. (19) .
It is also straightforward to observe that M 
such that the bi-diagonalisation of M 
Following eq. (10) , (22) with P 3 the projector in eq. (12) and U d L in eq. (17) . In the last term of eq. (22) ,
that is, N d in eq. (22) is real. Introducing a real unit vectorr [d] and a complex unit vectorn [d] with componentŝ
Similarly, for N u we have
with
and
[
Since
andn [u] are not independent:
It is interesting to notice that the 2HDM scenario studied in [20] , where the soft breaking of a Z 3 symmetry is the source of CP violation, shares some interesting properties with the present one: there, the CKM matrix can also be factorised in terms of real orthogonal rotations and a diagonal matrix containing the CP violating depence; the tree level SFCNC are also real in that phase convention. Other aspects of the model like the structure of the Yukawa couplings as well as the scalar sector to be discussed in section 4 are, however, completely different. In the rest of this section, we analyse in detail the generation of a complex CKM matrix from the vacuum phase θ. The couplings of the physical scalars to the fermions are discussed in section 5, after the discussion of the scalar sector in 4. It is clear that e i2θ = ±1 is necessary in order to have an irreducibly complex CKM matrix. However, one has to verify that one can indeed obtain a realistic CKM matrix, one that it is in agreement with the experimental constraints on the moduli |V ij | (in particular of the moduli of the first and second rows), and on the CP violating phase γ ≡ arg(−V ud V * ub V cb V * cd ) (the only one accessible through tree level processes alone). Concerning CP violation, one can alternatively analyse that the unique (up to a sign) imaginary part of a rephasing invariant quartet Im 
Then, one can rewrite
and we introduce S ij to allow for compact expressions:
The real and imaginary parts of V ij are
Notice that, although eq. (35) is not rephasing invariant, this poses no problem when considering rephasing invariant quartets. With eq. (35), one can obtain:
Although eq. (36) is not very illuminating, one can nevertheless illustrate that realistic values of Im
can be obtained even in cases with less parametric freedom, as done in subsection 3.3 below. The general case is analysed in subsection 3.4. Before addressing those questions, we discuss two important aspects that deserve attention in the next two subsections: (i) the number of independent parameters and the most convenient choice for them, (ii) the fact that in this model, if tree level SFCNC were completely absent in one quark sector, then the CKM matrix would not be CP violating. One encounters again a deep connection [21] between the complexity of CKM and SFCNC, in the context of models with spontaneous CP violation.
Parameters
The CKM matrix V requires 4 physical parameters, while the tree level SFCNC require 2, sincer [d] is a unit real vector. One can parametriser [d] in terms of two angles
as shown in Figure 1 5 . The orthogonal matrix R requires 3 real parameters; together with θ andr [d] , these 6 parameters match the parameters necessary to describe V (4 parameters) and the productsr 
leaves R,r [d] ,r [u] and V unchanged, effectively removing one parameter from the
Consequently, it is convenient to adopt a parametrisation of R of the form
wherer [d] is readily identified in the third row and the redundant α, as in eq. (38) , can be set to α = 0. One can then concentrate on {α 1 , α 2 , α 3 , θ d , ϕ d , θ} in order to reproduce a realistic CKM matrix.
SFCNC and CP Violation in CKM
In eqs. (29) (34), the matrix with entries S ij has only a non vanishing row (column), corresponding to the absence of tree level SFCNC in the up (down) sector, for which S ij = R ij . Then, with i 1 = i 2 and j 1 = j 2 , in eq. (36) all terms except two out of the last four automatically vanish, and those two terms appear with opposite sign, giving
As illustrated below, in subsection 3.4, this implies that a lower bound on the size of the second largest component inr [q] should exist, that is a lower bound on the intensity of some SFCNC in both quark sectors. Appendix A completes the discussion of the interplay in this model among flavour non-conservation and CP violation in the CKM matrix.
A simple example
As a simplified example of how a realistic CKM matrix can be obtained, consider a scenario withr
Then, for
Since the rows of R form a complete orthonormal set of 3-vectors,
and eq. (45) is further reduced to
With R in eq. (39), eq. (42) gives
A complete example of this type which reproduces correctly the CKM matrix, is given by: 
The parameters underlying eqs. (47)- (48) have the values
For R, α 1 = 0 has been chosen for simplicity, since in this scenario it does not enter eq. (45) . With the previous values, one can easily check that
(50) Concerning the discussion in subsection 3.2, this example shows that, although the complete absence of tree level FCNC in one sector is incompatible with a CP violating CKM matrix, this incompatibility does not extend to the case of tree level SFCNC circumscribed to only one type of transition (in this example, d ↔ s transitions).
General case
The previous example illustrates that the CKM matrix can be adequately reproduced even in a restricted scenario where one has less number of free parameters. For the general case one can explore with a simple numerical analysis the regions of parameter space where the CKM matrix is in agreement with data, that is moduli |V ij | in the first two rows and the phase γ agree with experimental results [22] . Following the discussion in subsection 3.2, one can sort the components ofr [d] according to their size:
Incompatibility with a CP violating CKM matrix implies that
, while figure 2(c) corresponds similarly tor [u] : both figures illustrate that, in this model, necessarily, there is at least some minimal presence of tree SFCNC 8 . In conclusion, it is clear that the first requirement on the model, i.e. that it can reproduce the observed CKM matrix, can be fulfilled. 
The scalar potential with real couplings
We consider the 2HDM with CP invariance and impose the Z 2 symmetry of eq. (2) which is only softly broken by a µ 12 term. All couplings are real, so that CP holds at the Lagrangian level. The scalar potential can be written:
The vacuum expectation values are
and break electroweak symmetry spontaneously. As anticipated in section 2, we use
Minimization
The minimization conditions for
In order to have spontaneous CP violation, we consider a solution {v 1 , v 2 , θ} of eqs. (54)-(56) with θ = 0, ±π/2, ±π. From eq. (54) one obtains
Notice that, in addition to θ, −θ is also a solution. It is obvious that for θ = 0, π the vacuum is CP invariant. It has also been shown [13] that for θ = π/2 the vacuum is also CP invariant. Note from eq. (57) that θ = ±π/2 is obtained when µ 2 12 = 0. In this case, the scalar potential is invariant under the Z 2 symmetry of eq. (2). This symmetry allows the two scalar fields Φ 1 , Φ 2 to have either equal or opposite CP parities. It is this freedom that is used to construct a simple proof [13] that for θ = ±π/2, the vacuum is CP invariant. One can trade µ for appropriate electroweak symmetry breaking without loss of generality (this is enforced, for example, by a simple rescaling of the parameters in the potential). Fixing v 2 in that manner, one is left with a candidate minimum characterised by the values of θ and tan β = v 2 /v 1 , which remain free parameters that we can choose at will, up to the different constraints on the scalar potential to be discussed later:
1. the potential is bounded from below and V (v 1 , v 2 , θ) is the lowest lying minimum; 2. perturbative unitarity bounds on scattering processes in the scalar sector are respected.
Expanding Φ j around the candidate vacuum in eq. (53)
we can now explore the different mass terms for the charged and neutral scalars. Requiring that the mass parameters of all the physical scalars are positive ensures, at least, that the candidate minimum is a local minimum of the potential. In the Higgs basis of eq. (5), the expansion of the fields reads
with the would-be Goldstone bosons G ± and G 0 readily identified
4.2 Scalar masses and mixings
Charged scalar
The transformation into the Higgs basis also gives the mass term of the charged scalar
Notice that, in order to choose a set of independent parameters, eq. (65) will allow us to trade λ 4 for m
Neutral scalars
For the neutral scalar sector, the mass terms are
T , and
with, we recall, the shorthand notation c x = cos x, s x = sin x, and λ 345 ≡ λ 3 + λ 4 − λ 5 . For λ 5 s 2θ = 0, attending to [M 
The physical neutral scalars are
and we assume h to be the lightest one, the Higgs-like neutral scalar with m h = 125 GeV. With M 2 0 in eqs. (67), R "mixes", a priori, all three neutral scalars. It is interesting to notice that
As explained in appendix B, since it is necessary that λ 5 > 0, it is also required that λ 1 λ 2 > λ 1, at least one neutral scalar should be light and either tan β 1 or tan −1 β 1, which enhance SFCNC couplings. One can than expect that sin 2β 1 will be disfavoured by the constraints discussed in section 6, while tan β ∼ tan −1 β ∼ 1 are easier to accommodate. Finally, it is to be noticed that for sin θ = 1, there is no mixing among {h, H} and A (and m
new scalars should be produced at the LHC. Nevertheless, the most relevant production and decay modes for their discovery will vary significantly between different regions of parameter space, including the Yukawa couplings discussed in section 5, and also the details of the lepton sector, and are thus beyond the scope of this work.
A simple analysis of the scalar sector
As a first step in the direction of the complete analysis of section 6, in this subsection we analyse the available parameter space of the scalar sector of the model, considering the following constraints.
• Agreement with electroweak precision data, in particular the oblique parameters S and T [23] .
• Boundedness of the scalar potential and perturbative unitarity of the scattering processes, controlled by the scalar quartic couplings λ j , as described, respectively, in appendices B.2 and B.3.
• We only consider m H ± , m H , m A ≥ 150 GeV; although masses of new scalars below 150 GeV are not automatically excluded by existing constraints, they would require specific analyses, interesting on their own, which are out of the scope of the present work. Furthermore, attending to eq. (71) and the related discussion, imposing this requirement on m H and m A translates into a lower bound on s . In terms of t β , this means 10 −2 < t β < 10 2 . On the contrary, since the quantity relevant for the obtention of a realistic CKM matrix is sin 2θ rather than sin θ, s is allowed.
• The analyses of Higgs signal strengths from the ATLAS and CMS collaborations, e.g. [24] , put constraints on different couplings of h. Overall, the resulting picture corresponds to an h which is quite SM-like. For that reason, in order to discard from this simple analysis the regions of parameter space that these constraints will in any case eliminate in the complete analysis of section 6, we require here
Although the analysis of section 3.4 already sets a lower bound | sin 2θ| ≥ 4 × 10
in order to obtain the correct CKM matrix, we do not impose it here (it corresponds to the dashed vertical line in Figure 3(d) ). A detailed discussion of one convenient parametrisation of all quantities related to the scalar sector is given in appendix B.1. With these ingredients, the allowed regions in Figures 3 and 4 are obtained. We introduce 
Physical Yukawa couplings
The Yukawa lagrangian in eq. (7)
gives the mass terms for quarks
c, the couplings to the would-be Goldstone bosons L Gqq ,
and the Yukawa couplings to the neutral and charged scalars L Sqq , S = h, H, A, H ± . Introducing the hermitian and antihermitian combinations
we have
with s = 1, 2, 3 for S = h, H, A, respectively, and
With eqs. (29) 
We recall -see for example [25] -that, for flavour changing Yukawa couplings of quarks q j , q k and a scalar S, of the form
CP conservation requires Re a * jk b jk = 0. In this model
and thus, with R mixing all three neutral scalars, the flavour changing Yukawa couplings are CP violating. For the charged scalar, we have
and thus in general, even for real N q , the Yukawa couplings of H ± are also CP violating. For flavour conserving Yukawa couplings
CP conservation requires ab = 0. Then, for the coupling of the neutral scalar S, with eqs. (78)- (79), we have
and thus the flavour conserving Yukawa couplings violate CP as long as the mixing in the scalar sector connects A with h, H. Contributions to the electric dipole moment of the neutron arise from eq. (84), but the suppression due to the m 2 q j factor for q j = u, d, together with the need of different non-zero mixings in the scalar sector, keep them within experimental bounds [26] .
Phenomenology

Analysis and constraints
In section 3 we have shown that the model can give a CKM mixing matrix in agreement with data. We have also explored some aspects of the scalar sector in section 4. In this section we analyse the model considering simultaneously (i) obtention of an adequate CKM matrix (moduli |V ij | in the first and second rows and phase γ in agreement with data), (ii) a scalar sector verifying boundedness, perturbative unitarity, oblique parameter constraints and m H , m A , m H ± > 150 GeV, and (iii) a number of constraints, to be discussed in the following, which involve both the quark Yukawa couplings and the scalar sector.
• Production × decay signal strengths of the 125 GeV Higgs-like scalar h.
Agreement with the combined results of ATLAS and CMS from the LHC-Run I [24] , together with additional data, involving in particular h → bb [27, 28] from LHC-Run II, constrains the scalar mixings R j1 and the diagonal entries of the N d and N u matrices (see, for example, [29] ). Notice that the requirement |R 11 | ≥ 0.9 used in section 4 to mimic coarsely the effect of these results is, of course, not imposed here.
• Neutral meson mixings. One of the most relevant characteristics of the model is the presence of tree level flavour changing couplings of the neutral scalars: they produce the contributions to neutral meson mixing represented in Figure 5 (a). They affect mass differences and CP violating observables [22, 30] . For B Besides the SM one loop contribution, we only consider the scalar mediated tree level contributions to the Wilson coefficients of the different operators of interest; their QCD evolution from the electroweak scale to low energies follows [31] [32] [33] . For the operator matrix elements and bag factors, we use [34] and [35] (see also [36] ).
• b → sγ.
One loop diagrams like, for example, the ones in Figure 5 (b), contribute to Br(B → X s γ), and further constrain N u and N d , the neutral scalar mixings and masses, and m H ± (in the previous constraints m H ± does only appear in the one loop h → γγ amplitude). Details of the calculation follow [37, 38] .
• Rare top decays t → hq. Current bounds [39] [40] [41] on t → hc, hu are at the 10 −3 level, and have to be included in the analysis. The analysis has two main goals:
1. to establish that the model is viable after a reasonable set of constraints is imposed;
2. to explore the prospects for the observation of some definite non-SM signal. We concentrate in particular on flavour changing decays t → hc, hu and h → bs, bd, of interest, respectively, for the LHC and the ILC [42] . These are the most interesting tree level induced neutral flavour changing decays, since h → uc, ds are more suppressed by the light fermion mass factors in N u and N d (in addition, the experimental analysis is also more difficult having only light quarks in the final state). We also consider a representative low energy observable, the time dependent CP violating asymmetry in B s → J/ΨΦ, A CP J/ΨΦ , for which the SM prediction is A CP J/ΨΦ −0.04, while current results [43] give −0.030 ± 0.033, leaving significant room for New Physics contributions.
Further implications for the phenomenology of H, A and H
± , vary significantly between allowed regions in the parameter space of the model (for example, the relevant decay modes change depending on which scalar is heavier and on the values of the N q matrices), and would also involve, and be sensitive to, the couplings of the scalars with leptons, which we have not discussed in this work. As commented in precedence, we do not address such implications here. The fact that we have not included a description of the leptonic sector prevents (i) the use of constraints such as, for example,
, and (ii) considerations on potential New Physics signals which involve leptons, as the so-called "B anomalies" [44] .
Results
The main results of the full analysis are presented in Figures 6 to 11 . Figure 6 (a) corresponds to Figures 2(d)-2(f) of the analysis in section 3: as one could anticipate, it is to be noticed that the allowed regions, where the model satisfies all the constraints, are much reduced with respect to the simple requirement of section 3, i.e. just reproducing a realistic CKM matrix. In particular, the only allowed regions for θ d and ϕ d correspond to having one component ofr [d] close to ±1 (that is close to the points (0, ±1), (±1, 0), (0, 0) in Figure 6 (a)), and the remaining two components much smaller: this naturally suppresses neutral flavour changing couplings, since they depend on the products of different components. As discussed in subsection 3.2 and in appendix A, without actually reaching that exact point, at which the CKM matrix becomes CP conserving. From this point of vue, those regions are "close to" (but not exactly) the different types of BGL models (as discussed in [12] ), in which (i) tree SFCNC are absent in one of the quark sectors and (ii) the scalar potential does not permit spontaneous CP violation. This is clearly illustrated by Figures 6(d Figure 3 of the analysis of the scalar sector in section 4. It is clear that the constraints of the full analysis reduce the available room for t β , leaving only 1/4 < t β < 4. Furthermore, the allowed region in M M ax vs. M M in in Fig. 7(c) is slightly reduced with respect to Fig. 3(c) . Notice in particular that the region with all new scalars light, i.e. M M ax < 250 GeV, is now almost excluded. On the contrary, the largest values of M M ax and M M in coincide with those in section 4, that is, they are still limited by the requirements on the scalar sector itself. The same comments apply to We introduce
Concentrating on the decays of h, eq. (85) implies, for the total rate of flavour changing decays of h Br(h → q 1 q 2 ), Br(h → q 1 q 2 ) = 0. Figure 10 (b) clearly shows that in any case 5 × 10 −6 ≤ Br(h → q 1 q 2 ) ≤ 2 × 10 −2 . Figure 11 shows different correlations among the branching ratios of flavour changing transitions involving h. It is important to notice that these New Physics signals are not confined to one particular sector (up or down type quarks) and that the largest allowed rates can be achieved for the transitions with second and third generation quarks, t → hc and h → bs. Notice in particular that for t → hc, the LHC bounds at the level of 10 −3 do play a role in limiting the allowed regions. Of course, the remaining transitions, t → hu and h → bd, sd, cu are also interesting: even if the largest values of their rates are smaller than the largest values allowed for t → hc and h → bs, in some regions of the parameter space they have larger rates than t → hc and h → bs, and they can also be within experimental reach. 
Conclusions
In this paper we have addressed the question: is it possible to construct a realistic model with spontaneous CP violation, in the framework of a minimal two Higgs doublet extension of the Standard Model? We show that this is indeed possible. In order to accomplish this task, one has to surmount enormous obstacles, like having a natural suppression of SFCNC and generating a complex CKM matrix from the vacuum phase, with the correct strength of the invariant measure of the amount of CP violation in the quark mixing matrix.
We have shown that a minimal scenario is phenomenological viable, through the introduction of a flavoured Z 2 symmetry, where one of the three quark families is odd under Z 2 while the other two are even. A remarkable feature of the model is its prediction of New Physics which can be discovered at the LHC. More precisely, the model predicts that all the new scalars have a mass below 950 GeV with at least one of the masses below 750 GeV. This prediction is obtained through a thorough study of the constraints arising from the 125 GeV Higgs signals, the size of neutral meson mixings, the size of b → sγ, and reproducing a correct CKM matrix, including the size of CP violation. Constraints from the electroweak oblique parameters, and perturbative unitarity and boundedness of the scalar potential are also included. We encounter a deep connection between the generation of a complex CKM matrix from a vacuum phase and the necessary appearance of SFCNC. In the New Physics predictions, we give special emphasis to processes like t → hc, hu, h → bs, bd, which are relevant for the LHC and the ILC. Interestingly, there is still room for important New Physics contributions to the phase of B 0 s -B 0 s mixing. In the present model of SCPV, none of the new scalars can be heavier than 1 TeV, and the presence of SFCNC cannot be avoided. The experimental constraints select regions in parameter space where the SFCNC are kept under control, as happens in BGL models. It is indeed remarkable that these allowed regions are located close to BGL models: for example, in the neighbourhood of a down-type BGL flavour structure, we almost do not have SFCNC in the down sector while the SFCNC in the up sector are of the Minimal Flavour Violating type [6] . Apparently these are the only regions within this model, where one can have an effective suppression of the dangerous SFCNC.
A SFCNC and CP Violating CKM
In subsection 3.2 we have addressed the incompatibility between a CP violating CKM matrix and the absence of tree level SFCNC in one quark sector, in this model. In this appendix we provide a simple proof that completes the discussion. Let us consider the case of the down quark sector. According to eqs. (22) and (23) ,
Tree level SFCNC in the down sector are absent when
with the projectors
On the other hand, the CKM matrix in eq. (33) reads in that case
it is the product of a real orthogonal matrix R and a diagonal matrix of phases, and hence CP conserving. For the up quark sector, the reasoning is analogous: the absence of tree level SFCNC requires
with the CKM matrix the product of a diagonal matrix of phases and a real orthogonal matrix R, hence CP conserving again.
B Scalar potential
In this appendix we discuss different aspects concerning the scalar potential of section 4: in B.1 the election of a convenient set of basic parameters, in B.2 boundedness (from below) of the potential, then perturbativity requirements in B.3, and finally, in B.4, a simple proof that λ 5 > 0 is a necessary condition in the present scenario.
B.1 Independent parameters
It is important to discuss the number and nature of the independent parameters of interest in the scalar sector. The goal is to adopt the most convenient choice for them. 
From the orthonormality relations (R T R) ij = δ ij we have
and thus 
one can solve for λ 1 , λ 2 and λ 345 : 
that is 
B.2 Boundedness and absolute minimum
The conditions to be imposed on the resulting λ j 's for a scalar potential bounded from below are
Notice that with the expression of det M 
One last concern on the scalar potential is the possibility that the local minimum for {v 2 , β, θ} is not the absolute minimum of the potential, but instead a metastable minimum which can decay to the "true" absolute minimum (such a situation is sometimes dubbed the panic vacuum [45] ). From general studies of the minimization problem in 2HDM [45] [46] [47] [48] , it follows that {v 2 , β, θ} and {v 2 , β, −θ} (this discrete ambiguity arised already in eq. (57)) give indeed the absolute minima of the potential.
B.3 Perturbative unitarity
Requiring perturbative unitarity of tree level scattering processes translates into the following bounds [49, 50] (one loop corrections in a CP conserving 2HDM scenario have been addressed in [51] ) λ 1 + λ 2 ± (λ 1 − λ 2 ) 2 + 4λ 2 5 < Λ, 2(λ 3 + λ 4 ) < Λ, 2(λ 3 − λ 4 ) < Λ, λ 1 + λ 2 ± (λ 1 − λ 2 ) 2 + 4λ 2 4 < Λ, 2(λ 3 ± λ 5 ) < Λ, 3(λ 1 + λ 2 ) ± 9(λ 1 − λ 2 ) 2 + 4(2λ 3 + λ 4 ) 2 < Λ, 2(λ 3 + 2λ 4 ± 3λ 5 ) < Λ,
with Λ = 16π.
B.4 λ 5 > 0
As anticipated in section 4, the necessary condition λ 5 > 0 follows from a simple requirement on the scalar potential. If V (v 1 , v 2 , θ) is the absolute minimum of the potential, it is obviously necessary that V (v 1 , v 2 , θ) < V (v 1 , v 2 , 0) and V (v 1 , v 2 , θ) < V (v 1 , v 2 , π). Notice that, although {v 1 , v 2 , 0} and {v 1 , v 2 , π} fulfill eq. (54), they do not fulfill eqs. (55)- (56), that is, V cannot have a minimum for {v 1 , v 2 , 0}, {v 1 , v 2 , π}. Since the θ-independent terms of V are common to all three cases, we only need to analyse the θ-dependent part, V θ .
that is λ 5 > 0.
C Rephasings
The diagonalisation of the mass matrices M 
and the rephasings
it is clear that
Consequently the diagonalising unitary matrices U 
Under such rephasings, the CKM matrix is transformed into
The off-diagonal elements of the matrices N d and N u are also transformed under rephasings,
withn
andn 
